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Abstract
We investigate the important role of e$ective projective objects in the study of (2nitary, multi
sorted) varieties. In particular we give a new version of the classical Lawvere characterization
Theorem and an application to the case of locally 2nitely presentable categories. c© 2001
Elsevier Science B.V. All rights reserved.
MSC: 08; 18
The aim of this note is to show the important role of e$ectively projective objects
in the study of (2nitary, multi-sorted) varieties. We recall the following:
De
nition 1. An object P in a categoryK is said to be an e*ectively projective object,
or simply an e*ective projective if K(P;−) preserves coequalizers of re=exive graphs.
This De2nition was introduced in [4] to characterize algebraic theories of varieties
and coequalizer completions of categories with sums. We say that a category K has
enough e*ective projectives if, for every object K in K, there exists a regular epimor-
phism P → K , with P an e$ective projective. It was shown that:
(i) [4, Theorem 4:5] For K an essentially small 2nitely cocomplete category, K
is equivalent to the theory of a variety if and only if K has enough e$ective
projectives.
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(ii) [4, Theorem 3:10] For any category K with 2nite colimits, K is equivalent to
the coequalizer completion of a category with 2nite sums if and only if K has
enough e$ective projectives.
Here we show how De2nition 1 can be used to get a new version of a classical theorem
characterizing varieties and, as a consequence, a di$erent proof of [4, Theorem 4:5].
The following sheds some light on the nature of e$ective projectives:
Lemma 2. For K an exact; locally 9nitely presentable category; if P is a regular
projective object in K; for which K(P;−) preserves unions of countable chains; then
P is an e*ective projective.
Proof. Let V →←→ E be a re=exive graph in K and q :E → Q its coequalizer. Consider
the following diagram:
in which the middle fork is the image of the re=exive graph, hence a re=exive relation,
and
⋃∞
n=1(R
0R)n is the equivalence relation generated by R. Here R0 is the opposite
of the relation R, while R0R is the composite relation, and (R0R)n denotes n-fold
composition of R0R. We note that the equivalence relation can be generated in this way,
and the resulting union is a union of a chain, because R is re=exive. Necessarily all
three forks are coequalizers and the bottom one is also a kernel, because K is exact.
Now apply K(P;−) to the diagram, for P an object satisfying the conditions of the
Lemma. Projectivity of P means of course that K(P;−) takes regular epimorphisms
to surjections so that K(P; q) is a surjection — with kernel K(P;
⋃∞
n=1(R
0R)n) 
K(P; E). It follows thatK(P;−) preserves the bottom coequalizer above. ButK(P;−)
necessarily also preserves images and relational composition so that its e$ect on the
vertical column of the diagram is isomorphic to
K(P; V )K(P; R)→
∞⋃
n=1
(K(P; R)0K(P; R))n:
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It follows from the way in which coequalizers can be calculated in the category of
sets that K(P;−) preserves all three of the coequalizers above. So P is an e$ective
projective.
Theorem 3. For a category K; the following are equivalent:
(i) K is equivalent to a (9nitary; multi-sorted) variety;
(ii) K; together with some set P of its objects; satis9es:
(1)K has 9nite limits;
(2)K has e*ective equivalence relations;
(3) P is a strong generating set and K has all sums of objects of P;
(4) the objects in P are regular projectives;
(5) the objects in P are 9nitely presentable;
(iii) K; together with some set P of its objects; satis9es (1); (3); (5) as in (ii)
and
(2′)K has coequalizers of equivalence relations;
(4′) the objects in P are e*ective projectives.
Proof. The equivalence of (i) and (ii) is classical. See [2].
For (iii) implies (ii) we observe that (4′) implies (4) is trivial and we are left to
show the necessity of (2). We will see that it follows from (1); (2′); (3) and (4′).
Consider an equivalence relation R on an object X in K, its coequalizer q :X → Q
and the kernel pair N of q:
If for any P in P we apply K(P;−) to the diagram above we get
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where since set is exact and P is e$ective projective, K(P; t) is an isomorphism. Since
P is a set of strong generators it follows that t is an isomorphism and K has e$ective
equivalence relations.
For (ii) implies (iii) note 2rst that (2) implies (2′) is trivial. Next, (ii) certainly
provides that K is exact and locally 2nitely presentable, because these are easy con-
sequences of the classical (ii) implies (i) (and can be seen directly too). It follows by
Lemma 2 that every object in P is an e$ective projective.
The reader may have observed that in the proof of (iii) implies (ii) we did not use the
full force of the e$ective projectivity of P but only thatK(P;−) preserves coequalizers
of equivalence relations. We will return to this point at the end of the paper.
Theorem 4. Let K be a locally 9nitely presentable category with C the full sub-
category of 9nitely presentables. Then K is a variety if and only if C has enough
e*ective projectives.
Proof. If K is a variety then the set of 2nitely presentable regular projectives, P,
is a cover in C, meaning that for every C in C there exists a regular epimorphism
PC, with P in P. The conditions of Lemma 2 are satis2ed, so the P in P are
e$ective projectives. (Alternatively, one can see that the K(P;−) preserve re=exive
coequalizers by appealing to the well-known “9-lemma”, as found say in 0.17 of [3].)
Conversely, suppose C has enough e$ective projectives and let P be the full sub-
category of C determined by the set of e$ective projectives. Now (1); (2′), and (5)
of (iii) in Theorem 3 are trivially satis2ed and K has all sums, so it suMces to show
that P is a set of e$ective projective strong generators in K. For all K in K; K is
a 2ltered colimit of objects Ci in C, giving rise to a regular epimorphism
∑
Ci  K ,
while each such Ci is a regular quotient of an object Pi in P. Thus for each K in K
we have
∑
Pi
∑
CiK
and the composite is a strong epimorphism. It remains to be shown that if an object
P is an e$ective projective in C then it is also an e$ective projective in K. To see
this, one has only to express a re=exive graph in K as a 2ltered colimit of re=exive
graphs in C and note that coequalizers and 2ltered colimits commute.
Remark 5. In the last sentence above it is not possible to replace “re=exive graph(s)”
by “equivalence relation(s)”, so if C(P;−) preserves coequalizers of equivalence rela-
tions it does not follow that K(P;−) preserves coequalizers of equivalence relations.
When we seek the ‘concentration’ of a property of a locally 2nitely presentable cat-
egory K in its theory C, circumlocution is required to deal with anything having to
do with limits and monomorphisms, even if C actually has the requisite limits. This
was foreshadowed in [1], where it was shown that K may fail to be exact when C
is. (A counterexample can be constructed by taking C to be a denumerable power of
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the category of 2nite sets, then the corresponding locally 2nitely presentable category
K= Lex(Cop; set) of all left exact presheaves on C, is not exact.)
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